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Definition 1.1. $k(=u\lambda)$ $[d_{ij}]$ $u$ $U$
$GH$ $(u, \lambda)$
$\sum_{1\leq j\leq k}d_{ij}d_{\ell j}^{-1}=\lambda\sum_{g\in U}g\in \mathbb{Z}[U]$
$(1\leq i\neq\ell\leq k)$
Example 1.1. $\mathbb{Z}_{5}=\langle\omega|\omega^{5}=1\rangle$ $GH$ $(5, 1)$
$\{\begin{array}{lllll}1 \omega \omega^{4} \omega^{4} \omega\omega 1 \omega \omega^{4} \omega^{4}\omega^{4} \omega 1 \omega \omega^{4}\omega^{4} \omega^{4} \omega 1 \omega\omega \omega^{4} \omega^{4} \omega 1\end{array}\}$
$\bullet$ $u$
$\lambda$ $GH$ $(u, \lambda)$
$\bullet$






$\bullet$ $q$ $GH(q, 1)$ $GH(q, 2)$
o (Jungnickel [4] and Street [5])
1872 2014 30-38 30
. $q$ $( q\neq 3,5)$ $GH(q, 1),$ $GH(q, 2)$ $GH(q, 4)$
(Dawson [2])
$\bullet$
$q$ $19<q<200$ $($ $q\neq 27)$ $GH(q, 8)$
(de Launey and Dawson [3])
$GF(q)$ $GH(q, q)$ $GH(q, q^{2})$
\S 2
\S 3 \S 2 $GH$ $(q, q)$ $GH$ $(q, q^{2})$
2 Other definitions and their properties
$P$ $q=p^{n}$
Definition 2.1. $F=$ $GF$ $(q)=\{a_{0}=0, a_{1}, \cdots, a_{q-1}\}$
(i) $f$ : $Farrow F$
$M(f)$ : $F\cross F\ni(a, b)\mapsto f(b-a)\in F$
$M(f)$ $F$ $F$ $q$
$\Omega_{q}=\{M(f)|f$ : $Farrow F$ ma$P\}$
(ii) $M(f)\in\Omega_{q}$
$M(f)$ Type I $\Leftrightarrow^{def}M(f)$ $GH(q, 1)$
$\Leftrightarrow\forall a_{1}\neq a_{2}\in F$ $\{f(b-a_{1})-f(b-a_{2})|b\in F\}=F$
$M(f)$ Type II $\Leftrightarrow^{def}\forall a\in F,$ $\forall b_{1},$ $b_{2}\in F$ $f(b_{1})-f(b_{1}-a)=$
$f(b_{2})-f(b_{2}-a)$
$\Omega_{q,I}=$ {$M(f)|f$ : $Farrow F$ map, $M(f)$ is type I}










$M(f)=[_{f(1)}^{f(0)}f(2)$ $f(2)f(0)f(1)$ $ff(0)f((21))]=\{\begin{array}{lll}2 0 11 2 00 1 2\end{array}\}$ Type II
Lemma 2.1. $F=$ $GF$ $(q)$ $M(f)\in\Omega_{q}$
$M(f)\in\Omega_{q,I}\Leftrightarrow\forall a\in F^{*},$ $f:F\ni x\mapsto f(x+a)-f(x)\in F$
$f$ planar function o
Proof: $M(f)\in\Omega_{q,I}\Leftrightarrow M(f)$ $GH$ $(q, 1)$
$\Leftrightarrow\forall a_{1}\neq a_{2}\in F$ $\{f(x-a_{1})-f(x-a_{2})|x\in F\}=F$
$\Leftrightarrow\forall a\in F^{*}$ $\{f(x+a)-f(x)|x\in F\}=F$
$\Leftrightarrow\forall a\in F^{*},$ $f$ : $F\ni x\mapsto f(x+a)-f(x)\in F$
Lemma 2.2. $F=GF(q),$ $q=p^{n}$ , $p$
$f$ : $Farrow F$ map
$\exists a_{0},$ $a_{1},$ $a_{2},$ $b_{1},$ $b_{2},$ $\cdots,$ $b_{n-1}\in Fs.t.$ $f(x)=a_{0}+a_{1}x+a_{2}x^{2}+b_{1}x^{p}+b_{2}x^{p^{2}}+$
$+b_{n-1^{X^{p^{n-1}}}},$ $a_{2}\neq 0\Rightarrow f$ planar function
Lemma 2.3. $F=GF(q),$ $q=p^{n}$ , $P$
$f$ : $Farrow F$ map
$\exists a,$ $b_{0},$ $b_{1},$ $b_{2},$
$\cdots,$ $b_{n-1}\in Fs.t.$ $f(x)=a+b_{0}x+b_{1}x^{p}+b_{2}x^{p^{2}}+\cdots+b_{n-1^{X^{p^{n-1}}}}$
$\Rightarrow M(f)\in\Omega_{q,II}\square$
3 Construction of $GH(q, q)$ ’s and $GH(q, q^{2})$ ’s
Lemma 2.2 $f$ 2 $M(f)$ $\Omega_{q,I}$ $GH$ $(q, 1)$
Lemma 2.3 $f$ 1 $M(f)$ $\Omega_{q,II}$
3.1 Construcion of $GH$ $(q, q)$ ’s by using Type I matrices
Example 3.1. $F=GF(3)=\{0,1,2\}$
$f_{0}(x)=x^{2},$ $f_{1}(x)=1+x^{2},$ $f_{2}(x)=2+x^{2}$ $M(f_{0})=\{\begin{array}{lll}0 1 11 0 11 1 0\end{array}\},$ $M(f_{1})=$





Theorem 3.1. $F=GF(q)=\{a_{0}=0, a_{1}, \cdots, a_{q-1}\}$, $q=p^{n},$ $p$
$f_{a_{0}}(x)=x^{2},$ $f_{a_{1}}(x)=a_{1}+x^{2},$ $\cdots,$ $f_{a_{q-1}}(x)=a_{q-1}+x^{2}$ $M(f_{a_{0}}),$ $M(f_{a1}),$ $\cdots,$ $M(f_{a_{q-1}})$
$q^{2}$





$H$ $GH$ $(q, q)$
Proof: $GH(q, 1)$ $H_{i,0},$ $H_{i},$ ${}_{1}H_{i}$ ,q-l
2 $F$ $q$
$i\neq i$ $H_{i,0},$ $H_{i},$ ${}_{1}H_{i,q-1}$ $k$ $H_{j,0},$ $H_{j},$ ${}_{1}H_{j,q-1}$
$\ell$
$k=\ell$
$H_{j,m}$ $H_{i,m}$ $k$ $a_{m}a_{j}-a_{m}a_{i}=a_{m}(a_{j}-a_{i})$ $q$
$m\in\{0,1, \cdots, q-1\}$ $H$ $k$ $F$
$q$
$k\neq\ell$




$F$ 1 $H$ $F$ $q$
$H$ $GH$ $(q, q)$
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3.2 Construcion of $GH$ $(q, q)$ ’s by using Type II matrices
Example 3.2. $F=GF(3)=\{0,1,2\}$
$f_{0}(x)=0,$ $f_{1}(x)=x,$ $f_{2}(x)=2x$ $M(f_{0})=\{\begin{array}{lll}0 0 00 0 00 0 0\end{array}\},$ $M($ $)=\{\begin{array}{lll}0 1 22 0 11 2 0\end{array}\},$




Example 3.3. $F=GF(4)=\{0,1, \alpha, \alpha+1\}(\alpha^{2}=\alpha+1)$
$f_{0}(x)=0,$ $f_{1}(x)=x,$ $f_{\alpha}(x)=\alpha x,$ $f_{\alpha+1}(x)=(\alpha+1)x$ $M(f_{0})=\{\begin{array}{llll}0 0 0 00 0 0 00 0 0 00 0 0 0\end{array}\},$
$M(f_{1})=\{\begin{array}{llllllll} 0 1 \alpha \alpha +1 1 0 \alpha +1 \alpha \alpha \alpha +1 0 1\alpha +1 \alpha 1 0\end{array}\},$ $M(f_{\alpha})=\{\begin{array}{llllllll} 0 \alpha \alpha +1 1 \alpha 0 1 \alpha +1\alpha +1 1 0 \alpha 1 \alpha +1 \alpha 0\end{array}\},$ $M(f_{\alpha+1})=$
$\{\begin{array}{llllllll} 0 \alpha +1 1 \alpha\alpha +1 0 \alpha 1 1 \alpha 0 \alpha +1 \alpha 1 \alpha +1 0\end{array}\}$
16 $[M(f_{1})M(f_{0})M(f_{\alpha+1})M(f_{\alpha})M(f_{0})M(f_{1})M(f_{\alpha+1})M(f_{\alpha})M(f_{1})M(f_{0})M(f_{\alpha+1})M(f_{\alpha})M(f_{0})M(f_{1})]$ $GH(4,4)$
$GF$ $(q)$
Theorem 3.2. $F=GF(q)=\{a_{0}=0, a_{1}, \cdots, a_{q-1}\},$ $q=p^{n},$ $p$
$f_{a_{O}}(x)=a_{0}x=0,$ $f_{a_{1}}(x)=a_{1}x,$ $\cdots,$ $f_{a_{q-1}}(x)=a_{q-1^{X}}$ $M(f_{a0}),$ $M(f_{a_{1}}),$ $\cdots,$ $M(f_{a_{q}-1})$
$q^{2}$
34





Proof: $H_{i,0},$ $H_{i},$ ${}_{1}H_{i,q-1}$ 2 Lemma 2.3 $H_{i,m}$
$F$ 1 $q$ $H_{q}$ $f_{a_{0}},$ $f_{a_{1}},$ $\cdots,$ $f_{a_{q-1}}$
1 $F$ $q$
$i\neq j$ $H_{i}$ ,oh $H_{i},$ ${}_{1}H_{i,q-1}$ $k$ $H_{j,0},$ $H_{j},$ ${}_{1}H_{j,q-1}$
$\ell$




$F$ 1 $H_{q}$ $F$ $q$
$H_{q}$ $GH$ $(q, q)$
3.3 Construcion of $GH$ $(q, q^{2})$ ’s by using Type II matrices
$\prime|H(3,3)$
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$J=\{\begin{array}{llll}1 1 \cdots 11 1 \cdots 1| | |1 1 \cdots 1\end{array}\}$ (9 )
27
$\ovalbox{\tt\small REJECT}\{\begin{array}{lll}H_{3} H_{3} H_{3}H_{3} J+H_{3} 2J+H_{3}H_{3} 2J+H_{3} J+H_{3}\end{array}\}=$
$GH$ $(3, 9)$
$GF$ $(q)$
Theorem 3.3. $F=GF(q)=\{a_{0}=0, a_{1}, \cdots, a_{q-1}\},$ $q=p^{n},$ $p$
$f_{a_{0}}(x)=a_{0}x=0,$ $f_{a_{1}}(x)=a_{1}x,$ $\cdots,$ $f_{a_{q-1}}(x)=a_{q-1}x$ $M(f_{a_{0}}),$ $M(f_{a_{1}}),$ $\cdots,$ $M(f_{a_{q-1}})$
Theorem 3.2 $GH$ $(q, q)$ $H_{q}$
36
$J=\{\begin{array}{llll}1 1 \cdots 11 1 \cdots 1\vdots \vdots \vdots 1 1 \cdots 1\end{array}\}$ ( $q^{2}$ )
$q^{3}$
$H=\{\begin{array}{llll}H_{q} H_{q} \cdots H_{q}H_{q} a_{1}a_{1}J+H_{q} \cdots a_{1}a_{q-1}J+H_{q}H_{q} a_{2}a_{1}J+H_{q} \cdots a_{2}a_{q-1}J+H_{q}\vdots \vdots \vdots H_{q} a_{q-1}a_{1}J+H_{q} .\cdot a_{q-1}a_{q-1}J+H_{q}\end{array}\}$
$q^{2}$
$H$ $GH$ $(q, q^{2})$
Proof: $H_{q}$ $GH$ $(q, q)$ $H_{q},$ $a_{i}a_{1}J+H_{q},$ $\cdots,$ $a_{i}a_{q-1}J+H_{q}$
2 $F$ $q^{2}$
$i\neq i$ $H_{q},$ $a_{i}a_{1}J+H_{q},$ $\cdots,$ $a_{i}a_{q-1}J+H_{q}$ $k$ $H_{q},$ $a_{j}a_{1}J+$
$H_{q},$ $\cdots,$ $a_{j}a_{q-1}J+H_{q}$ $\ell$
$k$ $\ell$ $H_{q}$ 2 $k=\ell$
$a_{i}a_{m}J+H_{q}$ $a_{j}a_{m}J+H_{q}$ $k$ $a_{j}a_{m}-a_{i}a_{m}=a_{m}(a_{j}-a_{i})$ $q^{2}$
$m\in\{0,1, \cdots, q-1\}$ $H$ $F$ $q^{2}$
$k$ $\ell$ $H_{q}$ 2 $k\neq\ell$
$a_{i}a_{m}J+H_{q}$ $k$ $a_{j}a_{m}J+H_{q}$ $\ell$ $H_{q}$ 1
$F$ 1 $q$ $f_{a_{0}},$ $f_{a_{1}},$ $\cdots,$ $f_{a_{q-1}}$ $H_{q}$
1 $F$ $q$
$H$
$q$ $H_{q}$ $H$ $k$ $\ell$ $F$
$q^{2}$
$k$ $\ell$ $H_{q}$ 2




$f_{a_{m’}+a_{i}}(x)|x\in F\}=F$ $F$ 1 $H_{q}$ $q$
$( m’\in\{0,1, \cdots, q-1\} )$ $a_{i}a_{m}J+H_{q}$ $k$
$a_{j}a_{m}J+H_{q}$ $\ell$ $F$ $q$
$H$ $q$ $H_{q}$ ( $m\in\{0,1, \cdots, q-1\}$
) $H$ $k$ $\ell$ $F$ $q^{2}$
$H$ $GH$ $(q, q^{2})$
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